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MAT187 - Calculus II - Winter 2015 


Term Test 2 - March 10, 2015 


Time allotted: 100 minutes. Aids permitted: None. 
Total marks: 5 4 5 
pa a _ 
Full Name: Bele / (OWS ) l HE 
Last First 


Student Number: 


Email: @mail.utoronto.ca 


Instructions 


e DO NOT WRITE ON THE QR CODE AT THE TOP OF THE PAGES. 


e Please have your student card ready for inspection, turn off all cellular phones, and read all the 


instructions carefully. 
e DO NOT start the test until instructed to do so. 


e This test contains 14 pages (including this title page). Make sure you have all of them. 


e You can use pages 12-14 for rough work or to complete a question (Mark clearly). 


DO NOT DETACH PAGES 12-14. 


GOOD LUCK! 


[m] a [=] 1C74167A-8532-4F08-B5FF-703939BF651A 
Ip 
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PART I No explanation is necessary. 


Consider the differential equation 


(10 marks) 


y! = (y? — 3y + 2)30?. 


Write this equation in separable form: 
f a 
N d = 
De + y f 
A 3 2 


Consider the separable differential equation 


1 dy 
Jog 
Then 

v= Sin(gtc) 


Consider the differential equation 


y' + tan(t)y = cos(t). 


What is the integrating factor u(t)? 


p(t) = (secz| 


Consider the differential equation 


The integrating factor is u(t) = t?. Then the general solution is 


sèa (t) +C 
y(t) = = 


Sz = dt. 


IS Age Welt 2 
Bale (ge BtC 


taat At 
po (t)= e J 

Ra lsec t) 
e 


Consider the differential equation 


tey" + Tty' + 9y = 0. 


If we look for a solution of the form y = tP, then 


p= -3 


pe- he apt qt’ =0 


p 460 4+9=0 
(P+3)% 


10. 
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oo k 
—1 Co 
Circle the correct option. The series > ea e > z ee ee 
ian C integra! or p-series tests ) 


converges absolutely. (b) converges conditionally. (c) diverges. 


Consider the divergent series 


> k=1 
123 Y3 T i.i 1 
We want to add the first N terms: 1+ 5 +-+- 1 P 5 free N to make sure that we obtain a sum 
larger than 42. > J’ Ltt = Ra (w41) >42 > ml> ef? 
/ 
Then we need: 42 
42 ad | 
N è e 
Consider the series = (1H <- Altern ating, | @¢rer <la n| 
. l i] ` 
mi VE solet Fop or + V looo 
1 1 1 (— il p> 10° | 
We can approximate the series by adding the first N terms: 1 — + —-=4-.-4++—4— = 
ya V3 2 VN 


To make sure that the error is smaller than Eo we need 


N> |, 002, Cag 


Recall that when we approximate a function f(x) by pn(z), the Taylor polynomial of degree n centered 


at a = 0, then the remainder is $ (5 ‘oe = 2 ne 
fe) nts il 
Fa) — Bal) = R= , 2n A, Fa, ERR E 
where c is a point between z and 0. 
When we approximate f(x) = e3? at z = 1 by p4(1) = =: , the error we make is 
3 
error < Arse -l 


— (20o 
(your answer should not depend on n, z or c) 


Consider the differential equation #007 o- ee O 2 re ag Pa - 3(t- yy [e ( G = ol: 
yy —(t—4) pe alye +94") - -lt- 9) La'a 
If y(4) = 0, then the solution y(t) has g Rije at By as +g "4 ") ~é [yF [g e os ran 
(a) a relative minimum at t = 4. (c) an inflection point at t = 4. 


a relative maximum at t = 4. (d) none of the other options. 


> Pi Onave dasavard 


get ate co rria ay [PCA de rya 4 
g" >o for T<o4 a <2 for T<Y saa 


[m] "Am [m] E05FF1E9-7DB4-43C6-B4F7-C9E3C2DC0543 
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PART II Justify your answers. 


11. Consider a population of jelly fish which satisfy the following growth model: (10 marks) 


2 


P'(t) = r(P(t) - T) (P(t) — K) where 0< T< K. 


Initially, the population is P > 0. we assume a > Oo 


(a) (2 marks) What are the equilibrium solutions? 
These are the Selutiors where PH) is corstear, 
i Pee, ; 
so, r (PCO- 7) (P-E) Ze 


Answer : PŒ) = T or K PŒO:o ig i sgt ea 


Cc 


(b) (2 marks) For which value or values of Po will the population grow without bound? 
oni Po ? K, Chen p) >o ants a pogrel; Se 
Pull (nereese KilouT bouad., 
Face solutions Cannef Cress e ili boriun Vo lues, 
there are ne oter values o + P, that sil ge 
US foe peselt. 


Answer : Py € (KK, of) 


(c) (2 marks) For which value or values of Po will the population become extinct? 


-_ 


a a 
T K 
agen pP\ is a poly naomia]. 


Answer : Pp € | [25 Ts) | 


244A82B3 -65FB-429D-A6BD-0C99E7E5D41B m] 
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(d) (1 mark) For the values of P) you found in (c), will the population become extinct in a finite 


amount of time? 
P becesis lar as P eereases, Se te 
Lurction Aecreases more rapidly. Te] 
Canro t be u i toward Gra asya ptote, 
so, © reaches Pl =o rater Cban 
app ae 4 Tas an a59— ptote 


Answer : (Circle the correct option) (Yes) No | 


(e) (3 marks) There are several different types of behaviour for P(t) depending on the initial value 
Po. Sketch what each of these types would look like. 


[m] 


Sk: 


[=] 5E6F8 9D6-890D-4130-A315-94B6533A3E72 
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12. Let r,K >0. Find the solution of (5 marks) 
dP 
K—=rP(kK-—-P 
ae Pt ) 
K 
P(0) = — 


2 


You can assume that the solution satisfies 0 < P(t) < K. 


The equation ib separable: 
ate AP «= At 
Sr ie 


Partial Fractions: 


oy 


la P —ha(k-P)=rb4e 
[~o abs. value smee OF Pt <k] 
LA [etx-P)} = TS 
PA-P- evtte 
Te gelve Lor 2 ,se P) ae j 
l a eS 
ce c iO 
so, Oe-P}= e“ 
Pepet- Pe 
P (ite) = k-e 


ct 


ct 
Answer : P(t) = Iz cz ( (+ e") 


CEBE4F5B-8689-4213-AEFA-0442BD12A2C2 [E] [m] 
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13. Let r > 0. Examine the following series for convergence: 
Irk’ 
= k!r 


Fill in the space below and justify your answer. Don’t worry about the boundary point. 


Roto Test i 


kal k 
lem (et) i Me 
pao | (eh pir” 


le 
je 4! kK C 
Vi, E ee a 
Foes ie PIR T 
l 


e 
Can Éa a rO < | 
a 


> 


si 


Answer: Series converges for r > os 


Series diverges for r< 


a [E] 22DF2729-95AE-491C-AC39-FA9BBCCFF13B 
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14. Consider the function f(x) = e? sin(x). (6 marks) 


(a) 


(3 marks) Find the Taylor polynomial of degree 3 to approximate f (x) near x = 0. 


\ O " a ~ wW 
pataa Piot ED cw) + EON at) + £2) 3) 


ites esi x Le) = [-O=0 


ieis e” sinx + eT cos x firey = l-o+4lf =] 
fC) = gk stax + a. cos x ae eee ae 
- Le” cosx pe) = Stat Se 


(Vv 
0" (x) = gen CES > 2e*™Snx fad (0) = 2-l-/-2-/-0 =2 


2 2 
Answer: p3(t)= OFX +E + as i 


8868E354-FDE9-4041-998E-B1C8A9BB278F [m] = [m] 
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E] 


(b) (3 marks) Using part (a), we can approximate e? by ps (3). Give an upper bound for the error 


of this approximation. You can use the formula from question 9. 


(4) 
(x)= li Ce) q 


4) n 
£ (FY) = 2. cen ~ Qe fia -2e Sinn — 2e ea 


= —-Ye"snx 


ao: 
Answer : error < FE "e 2 


[=] 5 9DFFD72-A375-4D51-86B0 -9F39F8B959D7 
a 
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15. A ball is bouncing on the ground on a planet with gravitational constant g. (10 marks) 
Assume that it takes the same time for the ball to go from the ground up to a height h as it takes to 
drop from a height h to the ground. The time for each of these is = seconds. 

Each time the ball bounces to $ of the height of the previous bounce. 


Initially it is dropped from a height of 1 metre. 


(a) (4 marks) Find the total distance travelled by the ball. 


[~ot to Scale |] 


: i l P 3 
; Distarce = I+ 2-4 +2(a)r2(L)e-- 


1 
4 
|9 


13 
E 


Answer : Total distance = 


metres 


71830413-AC68-420C-A918-AF36883C3E0E [=] r 
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(b) (4 marks) Let Tn be the total elapsed time it takes from the beginning when the ball is dropped 


until the ball hits the floor for the n™ time. Find a formula for ae 


TO= (EF (bel en falls) 

| th) = [3+ Ea (ball | hes to rive, Ten fai) 

TO = [e+ + 2 IF (5 ote. | 
Oe TE) = Paz [2 (a) = = (F225 (4)- ADE J 


(c) (2 marks) Does the ball ever stop bouncing? If so, how long does it take? 


a, TO) = Ton G 


Sve 


t 


(J 


| Answer Yes, ad tay S : JS Seconds l 


(Bonus) What is the average speed of the ball? (2 marks) 


total Histaxce _ (>) 
Aver age ek = LS LSA = {to 
2p to tal dime Ce) Gem 
) 55): 


(3 
Answer : Average Speed = M 
25 E AS 
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Term Test 2 - February 27, 2014 


Time allotted: 90 minutes. Aids permitted: None. 
Full Name: 

Last First 
Student ID: 
Email: @mail.utoronto.ca 
Instructions 


e Write only on the front pages (with QR code on top). 


e ONLY THE FRONT PAGES WILL BE SCANNED. THE BACK PAGES 
WILL NOT BE SEEN BY THE GRADERS. 


e DO NOT WRITE ON THE QR CODE AT THE TOP OF THE PAGES. 


e Please have your student card ready for inspection, turn off all cellular phones, and read all the 


instructions carefully. 
e DO NOT start the test until instructed to do so. 
e This test contains 11 pages (including this title page). Make sure you have all of them. 


e You can use the back of pages for rough work. 


GOOD LUCK! 


MAT197 — Term Test 2 


PART I No explanation is necessary. 


For questions 1—4, please fill in the blanks. (4 marks) 
; oy Ad 1 
1. What is the best substitution to calculate / dx ? 
V17 + 16x + 4x? 


r+2 


—— dx 
V5+ 4a 4+ r? 


2. What are two good substitutions to calculate 


b 
3. Using the Trapezoid Rule with n = 10 we obtain an error of 1 when computing the integral ii f(x)dz. 
a 


What is the smallest value for n to obtain an error of at most 1076? 


4. During Cinco de Mayo, you shoot a bullet straight up into the sky at the speed of 500 m/s. The 
altitude of the bullet y(t) at time t seconds after being shot satisfies the differential equation y” = —g. 
What is the velocity of the bullet when it hits the ground? 


The velocity is 


Page 2 of 11 Continued... 
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For questions 5-8, please choose the correct answer. (4 marks) 


(x — 2)?(x — 1) 


(a + 1)(x? + 3)?(x — rT)? g 


5. Which terms appear in the partial fraction decomposition of 


(Select all that apply) 


A D ede 
(a) x—1 (d) xr+1 (g) “ . 
B E 
b e Ix+J 
(b-ag ae (h) G2 +3) 
C F 
(c) (x — 2)2 (£) (x — T)? (i) Kr+ L 


6. Which of the following integrals is convergent? 


(oe) lL 1 
(a) f zdr (c) 1 L de 
—oo 0 wv 
b f — dx d f — dx 
(B) Je a (3) 1 Vrt 
7. Which of the following integrals is divergent? 
-1 1 oo 
a —— dz c ih Odx 
% 1l wad 
(b) 12 eee dz (d) | yi? dz 


8. Which of the following substitutions is best to evaluate I cos’ gz sintadx ? 


(a) u=sing (c) u= cosx 


(b) u= tanz (d) u= secz 


Page 3 of 11 Continued... 
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PART II Justify your answers. 


1. Evaluate (6 Marks) 


Page 4 of 11 Continued... 
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2. Evaluate the integral (8 Marks) 


dz. 


en n m 
x(x? + 4)? 


Page 5 of 11 Continued... 
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3. You are working for a biologist who is studying a new kind of virus that reproduces (6 Marks) 


extremely quickly, with the population following the function 


t 
p(t) = f er dz, 
0 


where t is in days. The size of each virus is D um?. 


The biologist wants to make sure he has enough space for this virus to grow for 4 days. 


(a) Using the Midpoint rule with n = 4, give an approximation of the necessary area. 


Page 6 of 11 Continued... 
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(b) Recall the formula of the error Em we obtain when approximating an integral using the Midpoint 


Rule: : 
=4 
| Eu < max |f"(x)| a (Az)?. 


What is the smallest value of n that we can use to ensure that the error we are making is at 


most 1? 


Page 7 of 11 Continued... 
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4. Gravitational force decreases with the square of the distance, in particular we can write (6 Marks) 


_ mMG 
yr 


F 


where y is the altitude of the object from the center of a planet of radius R and mass M, m is mass 


of the object, and G is the gravitational constant. 


To find the escape velocity ve, we know that the total kinetic energy of the object is 5 m v2, and that 


it equals the work necessary to take the object from the surface of the planet (y = R) to infinity 
(y = ov). 


(a) Find the escape velocity (in terms of M, G, and R). 


Page 8 of 11 Continued... 
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(b) Assuming that c is the speed of light, what is the minimum radius R for a black-hole of mass 


M? (in terms of G) 
(Hint. A black-hole is a celestial body where the escape velocity is at least the speed of light) 


Page 9 of 11 Continued... 
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5. A bullet of mass m travelling upwards with initial velocity vo is slowed by the force (6 Marks) 


of gravity mg and by air resistance kv”, where k is a positive constant. As the bullet moves upward, 
its velocity v satisfies 
du 


Wg = — (kv? + mg). 


(a) Find a formula for v(t). 


(Hint. For simplicity, write a = ,/"7% and don’t forget the initial condition. ) 


Page 10 of 11 Continued... 
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(b) Assuming m = k, and vo = 100/49, find the maximum height the bullet will reach in the form 


of an integral. Don’t solve the integral. 


Page 11 of 11 The end. 
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Term Test 2 - March 19, 2019 


Time allotted: 70 minutes. Aids permitted: None. 
Total marks: 50 


Instructions: 


e Do not write on the QR code at the top of the pages. 


e This test contains 10 pages and a detached booklet for multiple-choice questions and formula sheet. 


DO NOT DETACH ANY PAGES. 
e You can use pages 8-9 to complete questions (mark clearly which questions you are answering). 


e Calculators, cellphones, or any other electronic devices are not allowed. If you have a cellphone 


with you, it must be turned off and in a bag underneath your chair. 


e DO NOT START the test until instructed to do so. 


GOOD LUCK! 


LONG ANSWER PART 


9. Let f(x) = sin(x’). (12 marks) 


In the following we will consider its Taylor Polynomial and its Taylor Series. You can assume that 


the Taylor Series converges, no need to prove it. 


(a) (4 marks) What is the Taylor polynomial of degree 9 centred at 0 for f(x)? Justify your 


answer. 


p9(x) = 


(b) (4 marks) Approximate the integral 


1 
| sin(x’) dx 
0 


using your answer from (a). Justify your answer. 


1 
I sin(x’) dz & 
0 


(c) (4 marks) Calculate 


lim 
x0 


Justify your answer. 


sin(x’) — x 


10. When you eat something, the food goes into your stomach and then your body (12 marks) 


starts absorbing it. We will attempt to model the absorption of food in your stomach. 


Food is absorbed from the surface, so 


Rate of change of the volume of food in the stomach is proportional to the food’s surface area. 


Let’s assume that, in the stomach, the food has the shape of a ball (called the bolus) of radius r(t). 


(a) (5 marks) A sphere of radius r has volume şar? and surface area 4rr?. 


Obtain a differential equation for r(t). Use only positive constants and justify all your steps 


and define all the constants and variables you use. 


(b) (3 marks) How is the radius of the ball of food decreasing? Select all the true statements. 
© The radius of the ball of food decreases faster near the beginning than towards the end of 
digestion. 


© The radius of the ball of food decreases faster towards the end than near the beginning of 


digestion. 


© The radius of the ball of food decreases at the same rate both near the beginning and 


towards the end of digestion. 


After making a selection, justify your answer. 


(c) (4 marks) Sketch the graph of r(t). Justify your sketch. 
r 
A 


11. It’s 1905 and everyone believes that kinetic energy is given by the formula (13 marks) 


1 
Ko(s) = ue $. 


Here, m is the mass of the particle at rest and s is the speed of the particle. 


Albert Einstein just published his paper on Special Relativity. In it he claimed that kinetic energy 


is actually given by the formula 


where c is the speed of light and s is still the speed of the particle. 


The scientific community is very skeptical; after all the new formula Kpg(s) looks completely different 


from the classical one K¢(s). 


Your job is to find out how these two formulas are related. 


(a) (7 marks) Consider the function f(x) = 


i and obtain its linear Taylor approximation 


8 


pi(x) centred at a = 0. 


pi(x) = 


(b) (4 marks) Use part (a) to approximate Kp(s). 


K p(s) © 


(c) (2 marks) You just approximated Kr(s). Compare this approximation to the formula for 
Kc(s). What do you observe? 


USE THIS PAGE TO CONTINUE OTHER QUESTIONS. 


If you wish to have this page marked, make sure to refer to it in your original solution. 


USE THIS PAGE TO CONTINUE OTHER QUESTIONS. 


If you wish to have this page marked, make sure to refer to it in your original solution. 
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Term Test 2 — Group Part - March 19, 2019 


Time allotted: 30 minutes Aids permitted: None 
Total marks: 10 


Name UTorID email Qmail.utoronto.ca 


Instructions (READ CAREFULLY) 
e DO NOT WRITE ON THE QR CODE AT THE TOP OF THE PAGES. 
e Read all the instructions carefully. 


e This test contains 8 pages and a detached formula sheet. Make sure you have all of them. 


e You can use page 7 for rough work or to complete a question (Mark clearly). 


DO NOT DETACH ANY PAGES. 


e No calculators, cellphones, or any other electronic devices are allowed. If you have a cellphone 


with you, it must be turned off and in a bag underneath your chair. 


GOOD LUCK! 


MULTIPLE-CHOICE PART. 


1. 


ANSWER THESE QUESTIONS ON PAGE 8. 


Only your answer on page 8 will be graded. 


(1 mark) Consider the ODE 
y”! + 2y! + 2y = (t? + 1)e™ + te sin(t) 
Which of the following terms is NOT part of the particular solution? 


(A) e* 

(B) te? 

(C) ve 

(D) e™ sin(t) 
(E) te™ sin(t) 


(1 mark) Consider the function 


Select the one correct option. 


1 
(A) P) =-5 
1 
(B) pe (—2) = ~~ 33.31 
(0) f(-2) =- 


(D) f°)(-2) =0 


(E) The function f does not have a 23" derivative at z = —2 


(4 marks) 


Continued... 


LONG ANSWER PART 


It’s 1905 and everyone believes that Kinetic energy is given by the formula (8 marks) 


Kols) = =ms*. 


Here, m is the mass of the particle at rest and s is the speed of the particle. 


Albert Einstein just published his paper on Special Relativity. In it he claimed that kinetic energy 


is actually given by the formula 


where c is the speed of light and s is still the speed of the particle. 


The scientific community is very skeptical; after all the new formula Kpg(s) looks completely different 


from the classical one K¢(s). 


Your job is to find out how these two formulas are related. 


(a) (2 marks) Consider the function f(x) = 


i and obtain its linear Taylor approximation 


8 


pi(x) centred at a = 0. 


pi(x) = 


Continued... 


(b) (2 marks) Use part (a) to approximate K p(s). 


(c) (1 mark) You just approximated K p(s). Compare this approximation to the formula for K¢(s). 
What do you observe? 


Continued... 


(d) (1 mark) Assuming 0 < z < x < 1, show that 


KOREDE 


Continued... 


(e) (1 mark) Let R(x) be the remainder for the approximation found in (a). 
Find a formula relating |Kp(s) — Ke(s)| with Ri (5). 


(f) (1 mark) Estimate |Kr(s) — Ko(s)| in terms of m, c, and s. 


Kr- Ke} S 


Continued... 


USE THIS PAGE TO CONTINUE OTHER QUESTIONS. 


If you wish to have this page marked, make sure to refer to it in your original solution. 


The end. 
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Time allotted: 70 minutes. Aids permitted: None. 
Total marks: 50 


Instructions: 


e Do not write on the QR code at the top of the pages. 


e This test contains 10 pages and a detached booklet for multiple-choice questions and formula sheet. 


DO NOT DETACH ANY PAGES. 
e You can use pages 8-9 to complete questions (mark clearly which questions you are answering). 


e Calculators, cellphones, or any other electronic devices are not allowed. If you have a cellphone 


with you, it must be turned off and in a bag underneath your chair. 


e DO NOT START the test until instructed to do so. 


GOOD LUCK! 
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MULTIPLE-CHOICE PART. (12 marks) 
ANSWER THESE QUESTIONS ON PAGE 10 OF THE TEST. 


CO 
and the series J Gis 


n=1 


1 
1. (2 marks) Consider the sequence an = Ti 
(A) Both the sequence and series converge. 
(B) The sequence converges, but the series diverges. 


(C) The sequence diverges, but the series converges. 


(D) Both the sequence and the series diverge. 


2. (2 marks) Consider the Differential Equation y’ = y? + 3. 


(A) Solutions are always decreasing. 
(B) Solutions are always increasing. 
(C) Some solutions are increasing and some are decreasing. 


(D) There are solutions that are neither increasing nor decreasing. 


3. (2 marks) Consider the initial value problem 
y = te™” 
y(0)=1 
The solution is 
2 
(A) y=e2. 
2 
(B) y=In(§ +e). 
2 
(C) y=In(e-§). 
t2 
(D) y=e 7. 


Page 2 of 5 
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4. (2 marks) The general solution of e% yl + 2xe® y = 4r is 
(A) y= (222+ C)e. (C) y = 22e” +C. 


(B) y = 22? + Ce”. (D) y = 22? +C. 


œo —1)Pn” 
5. (2 marks) The series D CE 


ny! 

ar arn! 
(A) converges conditionally. 
(B) converges absolutely. 
(C) diverges. 

OO 5n 
6. (2 marks) Consider the function f(x) = ——(x— 4)”. Which one of the following statements 
n=21 n+3 


must be true. 


(A) f2D(4) =0 
D) 94) = Soa 


Œ) SOU) = 5% 
(C) f29(4) = & 


Page 3 of 5 


LONG ANSWER PART 


7. A tank is filled with 100 L of pure water. Salt brine solution with salt (19 marks) 


concentration 10 g/L flows into the tank at a rate of 20 L/min. At the same time, liquid is drained 


from the tank at a rate of 30 L/min. Assume instantaneous mixing. 


(a) (4 marks) How much time will it take for the tank to become empty? Justify your answer. 


time = 


(b) (4 marks) Let m(t) denote the mass of salt (in grams) in the tank at time t and p(t) denote 


the concentration of salt in the tank at time t. What is the relation between m(t) and p(t)? 


(c) (5 marks) Find a differential equation for m(t). Justify your answer. 


(d) (6 marks) Solve the differential equation you found in (c). Justify your answer. 


Hint. What is the initial condition? 


8. Consider the function f(x) = sin(x?). (19 marks) 


(a) (4 marks) What is the Taylor series of f(x) centred at x = 0? Justify your answer. 


(b) (4 marks) Find f‘)(0). Justify your answer. 


f®(0) = 


1 
(c) (5 marks) Approximate | sin(x?) dx with an error smaller than 10~°. Justify your answer. 
0 


Hint 1. 19- (9!) > 10° Hint 2. What is the remainder of an alternating series? 


1 
f sin(x?) dz ~ 
0 


(d) (4 marks) Instead of using Taylor series, we could approximate the integral with the Midpoint 
1 
Rule. If we use the Midpoint Rule to approximate T sin(x?) dx with an error smaller than 
0 
1076, how many intervals do we need? Justify your answer. 


Hint. You can use the fact that |f” (x)| < 6 for x € [0,1]. 


(e) (2 marks) Comparing the results of (c) and (d), what can you conclude? Justify your answer. 


USE THIS PAGE TO CONTINUE OTHER QUESTIONS. 


If you wish to have this page marked, make sure to refer to it in your original solution. 


USE THIS PAGE TO CONTINUE OTHER QUESTIONS. 


If you wish to have this page marked, make sure to refer to it in your original solution. 


MAT187 - Calculus II 


Term Test 2 — Group Part - March 22, 2018 


Time allotted: 30 minutes Aids permitted: None 
Total marks: 10 


Name UTorID email Qmail.utoronto.ca 


Instructions (READ CAREFULLY) 
e DO NOT WRITE ON THE QR CODE AT THE TOP OF THE PAGES. 
e Read all the instructions carefully. 


e This test contains 8 pages and a detached formula sheet. Make sure you have all of them. 


e You can use page 7 for rough work or to complete a question (Mark clearly). 
DO NOT DETACH ANY PAGES. 


e No calculators, cellphones, or any other electronic devices are allowed. If you have a cellphone 


with you, it must be turned off and in a bag underneath your chair. 


GOOD LUCK! 


MULTIPLE-CHOICE PART. 


1. 


ANSWER THESE QUESTIONS ON PAGE 8. 


Only your answer on page 8 will be graded. 


—1)” as 
(2 marks) Consider the sequence an = au and the series `> an- 


ya = 
(A) Both the sequence and series converge. 
(B) The sequence converges, but the series diverges. 
(C) The sequence diverges, but the series converges. 


(D) Both the sequence and the series diverge. 


OO 


; (—1)"n"n! 
(2 marks) The series ES DETANT 
Se" (2n)! 


(A) converges conditionally. 
(B) converges absolutely. 


(C) diverges. 


(4 marks) 


Continued... 


LONG ANSWER PART 


A tank is filled with 100 L of pure water. Salt brine solution with salt (6 marks) 


concentration 10 g/L flows into the tank at a rate of 20 L/min. At the same time, liquid is drained 


from the tank at a rate of 30 L/min. Assume instantaneous mixing. 


(a) (1 mark) How much time will it take for the tank to become empty? Justify your answer. 


time = 


Continued... 


(b) (1 mark) Let m(t) denote the mass of salt (in grams) in the tank over time. Find a differential 


equation for this quantity. Justify your answer. 


Continued... 


(c) (2 marks) Solve the differential equation you found in (b). Justify your answer. 


Hint. What is the initial condition? 


Continued... 


(d) (2 marks) At what time t is the mass m(t) of salt in the tank at its maximum? Justify your 


answer. 


time = 


Continued... 


USE THIS PAGE TO CONTINUE OTHER QUESTIONS. 


If you wish to have this page marked, make sure to refer to it in your original solution. 


The end. 


MAT187 - Calculus II - Winter 2017 


Term Test 2 - March 21, 2017 


Time allotted: 60 minutes. Aids permitted: None. 
Total marks: 50 


Full Name: 


Last First 


Student Number: 


Email: @Qmail.utoronto.ca 


Instructions 


e DO NOT WRITE ON THE QR CODE AT THE TOP OF THE PAGES. 


e Please have your student card ready for inspection 


e This test contains 12 pages and a detached formula sheet. Make sure you have all of them. 


DO NOT DETACH ANY PAGE. 


e You can use pages 11-12 to complete questions (mark clearly which questions you are answering). 


e Calculators, cellphones, or any other electronic gadgets are not allowed. If you have a cellphone 


with you, it must be turned off and in a bag underneath your chair. 


e DO NOT start the test until instructed to do so. 


GOOD LUCK! 


PART I. Write the final answer only. (12 marks) 


1. (1 mark) Consider the graph of y’ in terms of y for the differential equation y’ = f(y). 


t 


104 


The equilibrium points are y € { \ 


2. (2 marks) Consider the Differential Equation 


dy z2 
dx + p(x)y =C j 


which can be solved using the method of the integrating factor with 


integrating factor = zx. 


Then 


p(x) = 


3. (2 marks) Consider the differential equation 
t 
ri : 2 
= sin — >. 
y (YW) 5 
For large positive values of t, all its solutions 
(a) are increasing. (c) are concave up. 


(b) are decreasing. (d) have a horizontal asymptote. 


Continued... 


4. (2 marks) Consider a function f(x) that can be expressed as a power series 


f(t) => calz- 2)", 
n=0 
and which satisfies l 
= if n is even 
fray =o 4 
— if nis odd 
n! 


Then 


5. (2 marks) Let f(x) be a decreasing and positive function and an = f(n) for all n = 1,2,3,.... Then 


2017 
| fede < Som < | f(a) dz. 
n=21 
For questions 6. to 8., consider the power series 
[0,6] 
5r 
2 aa o 
n=2 


6. (1 mark) The largest R such that the series converges absolutely for |x — a| < R is 


Í i 
| 7. (1 mark) For x = a — R, the series 
| (a) converges absolutely. (b) converges conditionally. (c) diverges. 
8. (1 mark) For z = a + R, the series 
(a) converges. (b) diverges. 


Continued... 


PART II 


9. A recent UofT Engineering graduate has just developed a new system that (14 marks) 
allows an aircraft to land vertically. 
While landing, the aircraft’s vertical speed is proportional to the square of its altitude with propor- 


tionality constant k (in (m-s)~'). 


(a) (8 marks) The plane has landed once it reaches the altitude of 1m, since the landing gear is 
1m long. If the system is activated at an altitude of 20m, how long will it take to land? Your 


answer should involve k. Justify your answer. 


Continued... 


(b) (6 marks) Let k = 2% (m-s)~!. The record acceleration that a human being has survived is 
46.2G ~ 450 m/s?. How high up could you activate the system and hope to survive? Justify 


your answer. 


Continued... 


10. 


Consider the sequence 


ag > 0 
1+an 


An+1 = for n = 0,1,2,... 


(a) (4 marks) Show that a, > 0 for all n =0,1,2,.... 


(b) (4 marks) If a, < z, is Gn41 greater or smaller than an? Justify your answer. 


(12 marks) 


Continued... 


OO 
(c) (4 marks) Does the series 3 an converge or diverge? Justify your answer. 


n=0 


Continued... 


11. 


Consider a pendulum, which satisfies the Differential Equation 


6"(t) = E sin (6(t)), 


where £ is the length of the cord, g is the gravitational constant, and 
8 is the angle with the vertical axis as in the figure (positive counter- 
clockwise). 

Assume that the solution can be written as a power series: 


(oe) 
A(t) = So ent” = cg + crt + cot? + gt? + +> 


n=0 


(12 marks) 


(a) (4 marks) Let f(t) = sin (0(t)). Show that the first order Taylor polynomial of f(t) centred at 


t=0 is 


sin(co) + cos(co)cit. 


Continued... 


(b) (3 marks) Use the power series expansion for 0(t) (and not the Differential Equation), to find 
the first order Taylor polynomial of 60” (t) centred at t = 0. Justify your answer. 


(c) (3 marks) Substitute your answers for sin (0(t)) in (a) and for 0” (t) in (b) into the Differential 


Equation, to find formulas for co and c3 in terms of cg and cı. Justify your answer. 


Continued... 


(d) (2 marks) Assuming that the pendulum satisfies 
and 6'(0) = V3, 


what is the third order Taylor polynomial of 6(t) centred at t = 0? Justify your answer. 


Hint. Recall that sin (5) = 5 and cos (5) = E 


Continued... 


USE THIS PAGE TO CONTINUE OTHER QUESTIONS. 


If you wish to have this page marked, make sure to refer to it in your original solution. 


Continued... 


USE THIS PAGE TO CONTINUE OTHER QUESTIONS. 


If you wish to have this page marked, make sure to refer to it in your original solution. 


The end. 


MAT187 - Calculus II 


Term Test 2 — Group Part - March 21, 2017 


Time allotted: 30 minutes Aids permitted: None 
Total marks: 10 


Name UTorID email Qmail.utoronto.ca 


Instructions (READ CAREFULLY) 
e DO NOT WRITE ON THE QR CODE AT THE TOP OF THE PAGES. 
e Read all the instructions carefully. 


e This test contains 8 pages (including this title page). Make sure you have all of them. 


e You can use pages 6-8 for rough work or to complete a question (Mark clearly). 


DO NOT DETACH PAGES 6-8. 


e No calculators, cellphones, or any other electronic gadgets are allowed. If you have a cellphone 


with you, it must be turned off and in a bag underneath your chair. 


GOOD LUCK! 


1. (2 marks) The power series 


has the interval of convergence 


2. (1 mark) Propose a power series with a radius of convergence R = 0. 


n=0 


Continued... 


3. Consider the sequence (7 marks) 


ag > 0 
2+ An 
5 


ün+1 = for n = 0,1,2,... 


(a) (1 mark) Show that a, > 0 for all n =0,1,2,.... 


b 1 mark) If a, < 4, is an41 greater or smaller than ap? Justify your answer. 
2 + 


Continued... 


OO 
(c) (2 marks) Does the series 3 an converge or diverge? Justify your answer. 


n=0 


Continued... 


(d) (1 mark) Assume that ap > 4. Show that an > 5 for all n = 1,2,3,.... 


k 
(e) (2 marks) Assume ao = 9. Find any k such that `> an > 100. Justify your answer. 


n=0 


Continued... 


USE THIS PAGE TO CONTINUE OTHER QUESTIONS. 


If you wish to have this page marked, make sure to refer to it in your original solution. 


Continued... 


USE THIS PAGE TO CONTINUE OTHER QUESTIONS. 


If you wish to have this page marked, make sure to refer to it in your original solution. 


Continued... 


USE THIS PAGE TO CONTINUE OTHER QUESTIONS. 


If you wish to have this page marked, make sure to refer to it in your original solution. 


The end. 


MAT187 Calculus Il — Winter 2021 


Test 5 — Mar 31, 2021 


Time alotted: 60-120 minutes (this is a recommendation) 


Your full name: 


Your student number: 


Your email address: @mail.utoronto.ca 


Your signature: 


INTEGRITY STATEMENT ON NEXT PAGE! 


Do not forget to fill it in. 


SUBMISSION DEADLINE IS MAR 31, 23:59 


Do not cut it close. Any lateness will affect your Grace Budget or might lead to a lateness penalty. 


READ THE OK LIST! 


Note that the OK list for tests differs from the team assignment OK list. 


TEST COMMUNICATION BAN UNTIL 01:20 AM 
Due to the Grace Policy students could submit the test for credit until 01:20 AM on Apr 1. Until then, do not 
talk to anyone (student or not) about this test or share with anyone (student or not) any of the test content. It 
does NOT matter if you have already submitted. 


Question Q1 Q2 Q3 Q4 Q5 Q6 Q7 Q8 Total 
Points 2 2 4 4 2 8 4 3 29 


Good luck! You can do this! 


If you don’t complete and sign this page, you will receive a grade of zero for the entire test. 


We at U of T want you to feel proud of what you accomplish as a student. Please respect all of the hard work you’re doing 
this term by making sure that the work you do is your own. 


We don’t expect you to score perfectly on the assessments and there will be some things that you may not know. Using an 
unauthorized resource or asking someone outside your team for the answer robs you of the chance later to feel proud of 
how well you did because you'll know that it wasn’t really your work that got you there. 


Success in university isn’t about getting a certain mark, it’s about becoming the very best person you can by enriching 
yourself with knowledge, strengthening yourself with skills, and building a healthy self-esteem based on how much you’ve 
grown and achieved. No one assessment captures that but your conscience will stay with you forever. 


Make yourself and your loved ones proud of the student that you are by conducting yourself honestly at all 
times. In your team, hold each other accountable to these standards. 


In submitting this assessment ... Short sentences 
... | confirm that my conduct regarding this test adheres to the | know the Code. 
Code of Behaviour on Academic Matters 

. | confirm that | have not acted in such a way that would constitute cheating, mis- | didn’t cheat. 


representation, or unfairness, including but not limited to, using unauthorized aids and 
assistance, impersonating another person, and committing plagiarism. 


... | confirm that the work | am submitting in my name is the work of no one but myself. This is only my work. 
... | confirm that all pages have been handwritten by myself. | wrote all pages. 

... | confirm that | have not received help from others, whether directly or indirectly. | didn’t receive help. 
... | confirm that | have not provided help to others, whether directly or indirectly. | didn’t provide help. 
... | confirm that I have only used the aids marked as “OK” on the list. | only used “OK” aids. 
... Lam aware that not disclosing another student’s misconduct despite my knowledge is I know | must report 
an academic offence. cheating. 


In this box, handwrite the sequence of short sentences (starting with “I know the Code. | didn’t cheat...”). 


Your student number Your signature 
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For all questions, except for questions 1, 2, and 8, having the correct result alone will not be worth any points. 


Only use a calculator for basic arithmetic (addition, subtraction, multiplication, division) if necessary. 


But remember that we are expecting exact answers whenever possible. 


n 


n!x 
n 


1. (2 marks) Find the radius of convergence of the series >, 
n 
n=1 


Give the exact value of R, not an approximation. R= 
No justification necessary, only the number in the box will be marked. 


2. (2 marks) Consider the smooth parametric curve x(t), y(t) 
plotted on the right. Find all points (x, y) at which x’(t) = 0 
and x” (t) > 0 is possible at the same time. 


How many such points are there? 


x 
There are | | such points. 


Write an integer in the box. No justification necessary. 


=Z 1)3” 
3. (4 marks) Find the value of this series: > EDS 


! 
n=1 i 


Justify your result. Provide the exact answer. 
All points will be awarded for steps, not for the final answer. 


F (n+1)3” | 
| n! E 
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4. (4 marks) Find the following limit without using ’H6épital’s Rule. 
You will receive zero points if your solution involves |’H6pital’s Rule in any way. 


: 1 2 3\ 1 
lim | ———~ - 1 - 2x - 4x* + 3x° |] — 
x0 (1 - x)? 3x2 


The limit is | | 


In this box, write an exact number, or +00, or —0c0, or “DNE” for “does not exist”. 
5. (2 marks) Your fellow MAT187 student makes this argument: 


We know that the Taylor Series of sin x centred at zero converges for any x: 


xen 


sin(x) = Yt 1)? —— n+ Di 


a ET) and therefore 


We also know that £ cos(x) = - sin(x) and we know that power series can be integrated term-by-term. 
So if we integrate the Taylor Series for - sin(x) from above we get: 


yent g2nt2 


cos(0) = -5c 1)" ——— cos(0) = 0 


cos(x) = Ds 1" 


(2n + 2)! (2n + 2)! 7 


Explain to your fellow student what their mistake is. Use words, NOT FORMULAS. 
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6. (8 marks) Consider a fixed circular wall (green) of radius 4 and a wheel (orange) of radius 1, positioned 
inside the wall as depicted. There is a reflector (magenta) attached to one spoke of the wheel, exactly 
halfway between the hub of the wheel and the rim of the wheel. 


The wheel rolls in the direction indicated along the inside of the wall. The wheel starts in the position 
shown at t = 0. Its constant speed is chosen such that the wheel returns to this position at t = 1. 


Find parametric equations x(t), y(t) describing the path of the reflector. 


As always, make sure to explain and justify your choices. 
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7. For each of the following questions, explain your choice using words, not just formulas. 
You will not receive points for the right choice alone. 


(P) (Q) (R) 


(S) (T) 


bay 
bay 


(a) (2 marks) Which of these polar curves exhibit the symmetry f(0 + an) = f(0)? 


(b) (2 marks) Which of these plots depict r = cos(n@) for some integer 1 < n < 10? 


8. (3 marks) Below you can find the plot of r = f(@), both in the -r and in the x-y coordinate system. 


For (i), (ii) and (iii) provide the letter for ALL corresponding points in the 0-r graph. 
Note that there may be more than one letter for each point. 
No justification necessary, only the letters in the boxes will be marked. 
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MAT187 Calculus II — Winter 2021 


Test 4 — Mar 17, 2021 


Time alotted: 60-120 minutes (this is a recommendation) 


Your full name: 


Your student number: 


Your email address: @mail.utoronto.ca 


Your signature: 


INTEGRITY STATEMENT ON NEXT PAGE! 


Do not forget to fill it in. 


SUBMISSION DEADLINE IS MAR 17, 23:99 


Do not cut it close. Any lateness will affect your Grace Budget or might lead to a lateness penalty. 


READ THE OK LIST! 


Note that the OK list for tests differs from the team assignment OK list. 


TEST COMMUNICATION BAN UNTIL 01:20 AM 
Due to the Grace Policy students could submit the test for credit until 01:20 AM on Mar 18. Until then, do not 
talk to anyone (student or not) about this test or share with anyone (student or not) any of the test content. It 
does NOT matter if you have already submitted. 


Question Q1 Q2 Q3 Q4 Q5 Q6 Q7 Q8 Total 
Points 2 4 2 6 2 8 2 6 32 


Good luck! You can do this! 


If you don’t complete and sign this page, you will receive a grade of zero for the entire test. 


We at U of T want you to feel proud of what you accomplish as a student. Please respect all of the hard work you’re doing 
this term by making sure that the work you do is your own. 


We don’t expect you to score perfectly on the assessments and there will be some things that you may not know. Using an 
unauthorized resource or asking someone outside your team for the answer robs you of the chance later to feel proud of 
how well you did because you'll know that it wasn’t really your work that got you there. 


Success in university isn’t about getting a certain mark, it’s about becoming the very best person you can by enriching 
yourself with knowledge, strengthening yourself with skills, and building a healthy self-esteem based on how much you’ve 
grown and achieved. No one assessment captures that but your conscience will stay with you forever. 


Make yourself and your loved ones proud of the student that you are by conducting yourself honestly at all 
times. In your team, hold each other accountable to these standards. 


In submitting this assessment ... Short sentences 
... | confirm that my conduct regarding this test adheres to the | know the Code. 
Code of Behaviour on Academic Matters 

. | confirm that | have not acted in such a way that would constitute cheating, mis- | didn’t cheat. 


representation, or unfairness, including but not limited to, using unauthorized aids and 
assistance, impersonating another person, and committing plagiarism. 


... | confirm that the work | am submitting in my name is the work of no one but myself. This is only my work. 
... | confirm that all pages have been handwritten by myself. | wrote all pages. 

... | confirm that | have not received help from others, whether directly or indirectly. | didn’t receive help. 
... | confirm that | have not provided help to others, whether directly or indirectly. | didn’t provide help. 
... | confirm that I have only used the aids marked as “OK” on the list. | only used “OK” aids. 
... Lam aware that not disclosing another student’s misconduct despite my knowledge is I know | must report 
an academic offence. cheating. 


In this box, handwrite the sequence of short sentences (starting with “I know the Code. | didn’t cheat...”). 


Your student number Your signature 
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For all questions, except for question 1 and question 5, having the correct result alone will not be worth any points. 


Only use a calculator for basic arithmetic (addition, subtraction, multiplication, division) if necessary. 


But remember that we are expecting answers that are as precise as possible. 


1. (2 marks) Consider the Taylor Polynomials of sin x, centred at x = 0. What is 
the minimal number of derivatives n you have to consider so that p,(0.4) approx- 
imates sin(0.4) with an error of less than 107°? 


Points will only be awarded if you give the minimal n necessary. 
No justification necessary, only the number in the box will be marked. 


2. (4 marks) Assume you know that f(x) is differentiable (as many times as you want) and 


(i) f(x) has a local maximum at x = -3. 
(ii) f(x) has a local minimum at x = 3. 
(iii) f(-3) > 0 and f(3) < 0. 
(iv) f’(1) = 0 (and this is the only point x where f’’(x) = 0) 


Consider the 2nd Taylor polynomial p2(x) of f(x) centred at x = -3. Find lim p(x). 
Make sure to identify which of the provided information you did use. 


Points will be awarded for the explanation, not for the limit alone. 


In this box, write an exact number, or +00, or —0c0, or “DNE” for “does not exist”. 


3. (2 marks) Yael and Raj are trying to find a particular solution to y” - 2y’ - 3y = 5e% + 3e% 
Raj suggests to try the guess yp = Ae” + Be”. 
Yael says “I don’t even need to plug that guess in and solve for A and B. | know that it won’t work.” 


How was Yael able to tell without solving for A and B? Explain. 
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4. For each of the following questions, explain your choice using words, not just formulas. 
You will not receive points for the right choice alone. 


y y y y y 
(P) p (Q) [e (R) — (S) = (T) = 
t t t t t 


(a) (2 marks) Which graph(s) can describe a free oscillator involving a mass of 2 kg, a spring constant 
of 24 N/m and a damping coefficient of 14 Ns/m? 


Graph(s): 


(b) (2 marks) Which graph(s) can describe a forced damped oscillator with constant external force? 


Graph(s): 


(c) (2 marks) For what value of p is (S) a plot of a solution to y” + 3y = cos(pt)? 


5. (2 marks) On the right is the plot of the solution to the IVP 
y” + a’y = cos Bt y(0) = 0, y'(0) = 0, a # B 


Find the two values a and £$. No justification necessary. 
Only the numbers in the boxes will be marked. 


One of the two values will be smaller than the other one, make sure to fill the boxes 
accordingly. It doesn’t matter which one is a and which one is P, simply write the 


smaller value on the left and the larger value on the right. 


smaller value: larger value: 
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6. Consider this initial value problem: 


sin’(ze"!) O<t<1 
y” + dy’ + 5y = | m4 y0)=3 y(0)=-1 
0 t2=1 


(a) (1 mark) You can’t solve this IVP with methods from this class. What is the main reason? Explain. 


(b) (3 marks) What kind of oscillator is described by this IVP? Explain with applied vocabulary. 


(c) (4 marks) If y(t) is the solution to this IVP, what is Jim y(t)? Justify with a detailed explanation. 


Points will given for the justification, not for the correct answer alone. 


As always: Solutions that involve any external tools in the argument 


(Desmos, Symbolab, WolframAlpha, graphing tools...) will not receive points. 


Jim y(t) = 


In this box, write an exact number, or +00, or —o0, or “DNE” for “does not exist”. 
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7. (2 marks) Why does the term n! appear in the formula for a Taylor polynomial? 
Explain in words, NOT WITH FORMULAS. 


8. (6 marks) A weather station in Toronto is measuring the temperature g(t) at the g(1) | g’(1) | g”) 


foot of the CN Tower. g(t) is given in degrees Celsius, t is given in days. 3 | 10 | =1 


Measurements taken at t = 1 gave the values on the right. Also, long-term measurements of the tempera- 
ture fluctuations at the CN Tower gave the result that -6 < g’’’(t) < 2 is always the case. 


Given the available data, until what time t = 1 can you guarantee that the temperature stays above the 


freezing point (which we assume to be 0 degrees Celsius)? 


We can guarantee this until t = 
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MAT187 Calculus II — Winter 2020 


Term Test 2 — Individual Part — March 10, 2020 


Time alotted: 70 minutes (to be followed by group part) 


DO NOT OPEN NO CALCULATORS ALLOWED 


until instructed to do so and no cellphones or other electronic devices 


DO NOT DETACH ANY PAGES 


This test contains 8 pages and a separate booklet for multiple choice questions with a formula sheet. 


You can use pages 6-7 to complete questions. In such a case, MARK CLEARLY that your answer 
“continues on page X” AND indicate on the additional page which questions you are answering. 


Question Q1-9 Q10 Q11 Q12 Q13 Total 


Points 15 8 8 6 8 45 


Good luck! You can do this! 


Neatness counts. Make sure to explain your steps in words. If you do not explain your work, 


YOU WILL LOSE MARKS, even if your final answer is correct. 


10. In this question, we will consider the ODE ty” —7ty’+15y =0 (8 marks) 


This ODE is slightly different from the ODEs we considered in class. It does not have constant 
coefficients. Still, we can solve it with techniques that are very similar to the ones you saw in class. 


(a) (3 marks) Find two solutions of this ODE that are not constant multiples of each other. 
To do so, take y(t) = t” and find good choices for r. 


Two solutions: 


(b) (1 mark) This is a second-order linear homogeneous ODE. Now that you have found two 
solutions that are not constant multiples of each other, you can state the general solution as a 
linear combination of the two solutions you found. What is the general solution of this ODE? 


General solution: 


(c) (2 marks) Solve the initial value problem ty” -7ty'+15y =0 y(1) =3 y’(1) =-3 


Solution of the IVP: 


(d) (2 marks) What’s the limit of your solution in part (c) as t — 00? Justify. 
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Neatness counts. Make sure to explain your steps in words. If you do not explain your work, 


YOU WILL LOSE MARKS, even if your final answer is correct. 


11. Your supervisor is asking you to approximate an integral. (8 marks) 


2 
/ f(x)dx where — f(x) =e% r% 
1/2 
You are using Taylor polynomials to do so. 


(a) (6 marks) Find the 2nd Taylor polynomial of f(x) centred at x = 1. 


p2(x) = 


2 2 
(b) (2 marks) Now use the following fact to approximate the integral: f f(x)dx x / po(x) dx 
1/2 1/2 


ie f(x) dx x 


A question remains: How good is the approximation in part (b)? That’s something we will discuss in upcoming classes. 
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Neatness counts. Make sure to explain your steps in words. If you do not explain your work, 


YOU WILL LOSE MARKS, even if your final answer is correct. 


12. A top team of researchers has found that zombies can be healed with a simple (6 marks) 
transfusion to increase their Red Blood Cell count. A zombie is hooked up to a machine that pumps 
new blood into the zombie while drawing out a portion of the current blood. 

Part of the treatment involves cycling the incoming concentration of Red Blood Cells between 40% 
and 60% by volume, with a period of 10 minutes. 

An untreated zombie has only 3,000 mL of blood, which is half of the amount in an adult human, 
so while the system injects 200mL of blood every minute, it draws out only 100mL. An untreated 
zombie’s blood only contains 10% Red Blood Cells. 


Time t is measured in minutes. Assume everything is mixed instantly. 


(a) (3 marks) The following initial value problem describes the volume of red blood cells in 
millilitres R(t) in the body of the zombie. Fill in the four blanks. 
Note: For simplicity, units are not stated in the equation. 


(b) (3 marks) Classify this ODE and explain briefly how you would solve it. 
You do NOT need to find the solution! 
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13. Suppose a spring with spring constant 4 N/m is horizontal and has one end (8 marks) 


attached to a wall and the other end attached to a mass weighing m kg. Suppose that there is no 


friction or other external forces acting on the spring, in particular no gravity. 


(a) (4 marks) Find the mass m that would result in motion having a time period of 107 seconds. 


Explain your work. 


m = 


(b) (4 marks) Now suppose we add a dashpot with damping coefficient 10 (N - s)/m that resists 
the spring’s velocity. Additionally, suppose we act on the mass with an external force 


1 
f(t) =12+10cos (5!) (given in Newton) 


Set up an ordinary differential equation describing the motion of this oscillator. 
Explain your ODE or you won’t get full marks. You do not need to solve the ODE. 


ODE: 
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Time alotted: 30 minutes 
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@mail.utoronto.ca 


@mail.utoronto.ca 
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DO NOT OPEN 


until instructed to do so 


DO NOT DETACH ANY PAGES 
NO CALCULATORS ALLOWED 


and no cellphones or other electronic devices 
This test contains 6 pages. 


You can use page 5 to complete questions (mark clearly which questions you are answering) 


Question Q1 Q2 Q3 Q4 Q5 Total 
Points 1 1 1 1 6 10 


Good luck! You can do this! 


MULTIPLE-CHOICE PART. 


Provide answers on the bubble sheet. Nothing on this page will be considered for marking. 


1. (1 mark) The following is the graph of a function f(x). 


One of the following is the third-degree Taylor polynomial of f(x) centred at x = 2.5. Which one? 


(A) p3(x) = -7.85398 — 3.14159(x — 2.5) + 12.9193(x — 2.5)° 

(B) p3(x) = 7.85398 — 3.14159(x — 2.5) + 12.9193(x — 2.5)° 

(C) p3(x) = 3.14159(x — 2.5)? + 12.9193(x — 2.5)° 

(D) p3(x) = —7.85398(x — 2.5) — 3.14159(x — 2.5)* + 12.9193(x — 2.5)° 
(E) p3(x) = 7.85398(x — 2.5) + 3.14159(x — 2.5)* — 12.9193(x — 2.5)° 


For each of the following three questions (2., 3., 4.), you can pick ONE OR SEVERAL of these 
graphs. Note that the graphs might have different scales. 


y y y 
(A) (B) (© 
t y t y t 
(D) ae (E) i 
t t 


2. (1 mark) Which graph(s) above describe(s) a damped oscillator with no external forces? 


3. (1 mark) Which graph(s) above describe(s) a solution to y” — 2y’ + y = 0? 
4. (1 mark) Which graph(s) above can NOT describe a solution of an ODE of the form 


ay” +by’+cy =0 
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Neatness counts. Make sure to explain your steps in words. If you do not explain your work, 


YOU WILL LOSE MARKS, even if your final answer is correct. 


5. Suppose a spring with spring constant 4 N/m is horizontal and has one end (6 marks) 
attached to a wall and the other end attached to a mass weighing 100 kg. Suppose we add a dashpot 
with damping coefficient 10 (N - s)/m that resists the spring’s velocity. Additionally, suppose we 
act on the mass with an external force 


1 
f(t) =12+10cos (5t) (given in Newton) 


Assume that there are no other external forces acting on the spring, in particular no gravity. 


(a) (3 marks) Set up an ordinary differential equation describing the motion of this oscillator. 
Then find the general solution to the resulting differential equation. 


General solution of the ODE: 
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(b) (1 mark) Explain why the behaviour for large t is given by the particular solution Yp(t) that you 
just found. 


(c) (2 marks) Express the function yp(t) using phase-amplitude form. Then sketch it with accurate 
period and amplitude. Make sure to annotate the graph (points, scale etc.) 


(in phase-amplitude form) 
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